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Abstract
Experimentally viable lepton mixing parameters can be predicted in
so-called direct flavour models with Majorana neutrinos using ∆(6n2)
groups as a flavour group. In direct models, in which the flavour group is
broken to a Z2 × Z2 subgroup in the neutrino sector, mixing angles and
Dirac CP phase are purely predicted from symmetry. General predictions
of direct models with ∆(6n2) flavour groups are that all mixing angles
are fixed up to a discrete choice and that the Dirac CP phase is 0 or
pi; Furthermore, the middle column of the mixing matrix is trimaximal
which yields the sum rule θ23 = 45
◦ ∓ θ13/
√
2 depending on the Dirac
phase. These predictions of lepton mixing parameters are compatible
with recent global fit results or will be tested experimentally in the near
future. It is the first time that such predictions have been obtained model-
independently for an infinite series of groups.
Introduction
The problem of the origin of neutrino masses and mixing is of fundamental
importance and among the more specific questions that models of neutrinos
have to attempt to answer are:
• Why do particles mix as they do?
• Why are there 3 families of particles?
• Why are the masses of the particles what they are?
• Is there CP violation in the lepton sector?
A succesful and numerous class of models of neutrino masses and mixings are
models with flavour symmetries: Generations of fermions are assigned to rep-
resentations of an additional symmetry group called the flavour symmetry; for
a review see e.g. [1]. With this additional symmetry, the full symmetry of the
model becomes GSM × GFlavour. The additional invariance of the Lagrangian
under GFlavour restricts the allowed couplings in the Yukawa sector and eventu-
ally the allowed mass and mixing matrices. Often, the flavour symmetry needs
to be broken, because the maximal flavour symmetry under which a Majorana
mass term for three neutrinos with non-degenerate masses can be invariant is
Z2 × Z2. This breaking can e.g. be achieved using scalar fields.
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If the the flavour group is both broken to a Z2×Z2 subgroup in the neutrino
sector of the theory and to a discrete subgroup, often a cyclic group, in the sector
of charged leptons, a model with a flavour symmetry is called direct. In a direct
model, the mixing angles and the Dirac CP phase are purely predicted from the
choice of flavour group and its unbroken subgroups.
Many promising flavour symmetry candidates are ∆(6n2) groups [2, 3, 4,
5, 6, 7, 8, 9, 10]. In particular, after the measurement of θ13 [11, 12, 13], the
only flavour symmetries in direct models that remain viable are ∆(6n2) groups
or subgroups thereof [14, 15]. Furthermore, in direct flavour models, one can
analyse ∆(6n2) groups for all even n simultaneously [16].
The groups ∆(6n2) are non-abelian groups of order 6n2 and are isomorphic
to a semidirect product: ∆(6n2) ∼= (Zn×Zn)oS3 [17]. The maybe best-known
members of the series are S3 = ∆(6) and S4 = ∆(24).
Any Z2 × Z2 subgroup of every ∆(6n2) can give rise to a different mixing
matrix. Consequently, all mixing matrices that are allowed by a certain ∆(6n2)
group can be found systematically by listing all Z2 × Z2 subgroups for each
∆(6n2) group. In direct models with a ∆(6n2) flavour group, only breaking
∆(6n2) to Z3 in the sector of charged leptons will produce experimentally viable
predictions for mixing angles [16].
To produce concrete results for the mixing matrix, left-handed doublets are
to transform (without loss of generality) under a 3-dimensional representation
with the generators (where η = e2pii/n):
a =
0 1 00 0 1
1 0 0
 , b = −
0 0 10 1 0
1 0 0
 , c =
η 0 00 η−1 0
0 0 1
 , d =
1 0 00 η 0
0 0 η−1
 .
(1)
All Z2 × Z2 subgroups of a ∆(6n2) group can be indexed by a single number
which takes values γ = 1, . . . , n/2 [16]. The columns of the mixing matrix are
now given by the common eigenvectors of the elements of each Z2×Z2 subgroup
in the basis where the mass matrix of the charged leptons is already diagonal.
Note that this approach does not determine the ordering of the columns and
rows of the mixing matrix. The ordering of the mixing matrix can be fixed by
demanding that the smallest entry be in the top right of the mixing matrix, i.e.
V13. With ϑ = piγ/n every mixing matrix has up to ordering the following form:
V =

√
2
3 cos(ϑ)
1√
3
√
2
3 sin(ϑ)
−
√
2
3 sin
(
pi
6 + ϑ
)
1√
3
√
2
3 cos
(
pi
6 + ϑ
)√
2
3 sin
(
pi
6 − ϑ
) − 1√
3
√
2
3 cos
(
pi
6 − ϑ
)
 . (2)
This lepton mixing matrix is trimaximal with θ13 fixed up to a discrete choice
and CP-phase 0 or pi. For any value of ϑ the Dirac CP phase can be both 0 or
pi which corresponds to interchanging the two rows that are not fixed because
they do not contain the smallest entry. This will also result in a different value
for θ23. Generally, if the middle column is trimaximal, the following sum rule
holds: θ23 = 45
◦ ∓ θ13/
√
2 [1].
The allowed values of |V13| are plotted in figure (1), where every choice of γ
and n produces a dot. The number of allowed Z2×Z2 subgroups and hence the
number of allowed mixing matrices increases with n. If n can be divided by 3,
some of the subgroups produce the same mixing matrices which explains when
dots seem to be missing. The horizontal lines denote the present approximate
3σ range of |V13| from [18].
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Figure 1: Possible values of |V13|; the lines denote the present approximate 3σ
range of |V13| from [18]. Examples include |V13| = 0.211, 0.170, 0.160, 0.154 for
n = 4, 10, 16, 22, respectively. Each value of V13 allows for two values of θ23
with δCP = 0 and δCP = pi given by θ23 = 45
◦ ∓ θ13/
√
2 respectively.
Conclusions and Outlook
Direct models with a ∆(6n2) flavour symmetry for Majorana neutrinos pre-
dict experimentally viable lepton mixing matrices. In [16] lepton mixing pre-
dictions from ∆(6n2) have been obtained for arbitrary even values of n and all
mixing matrices are shown to have the form of Eq. (2). The predictions are
compatible with current results of global fits and will be further tested in the
near future.
A direct model only predicts mixing angles and the Dirac CP phase from
symmetry while Majorana phases remain unconstrained. Majorana phases can
be predicted from symmetry in models with a generalised CP symmetry. For
direct models with ∆(6n2) flavour groups, generalised CP symmetries have been
studied in [19].
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